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For the stick-breaking representation of the Dirichlet process mixture, the
KL-divergence reads

KL(q||p) =

T∑
i=1

{
Eqvi

[
ln
qvi(vi;φ

v
i )

pvi(vi|α)

]}
+

T∑
i=1

{
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[
ln
qηi(ηi;φ

η
i )

pηi(ηi|λ)

]}
+

N∑
n=1

{
Eq
[

ln
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pz(zn|v)px(xn|ηxn)
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(1)

where

pvi(vi;α) =
Γ(α1 + α2)

Γ(α1)Γ(α2)
vα1−1
i (1− vi)α2−1

pηi(ηi;λ) = h(ηi) exp{λ1ηi + λ2(−a(ηi))}

pz(zn|v) =

T∏
i=1

(1− vi)1[zn>i]vi1[zn=i]

px(xn|ηi) = h(xn) exp{ηixn − a(ηi)}

qvi(vi;φ
v
i ) =

Γ(φvi,1 + φvi,2)

Γ(φvi,1) + Γ(φvi,2)
v
φvi,1−1
i (1− vi)φ

v
i,2−1

qηi(ηi;φ
η
i ) = h(ηi) exp{φvi,1ηi + φvi,2(−aηi)− a(φηi )}.

(2)

We define G as the function that contains all items about φvi in KL(q||p), then

G(φvi ) = ln
Γ(φvi,1 + φvi,2)

Γ(φvi,1) + Γ(φvi,2)
+ (φvi,1 − 1)[ψ(φvi,1)− ψ(φvi,1 + φvi,2)]

+ (φvi,2 − 1)[ψ(φvi,2)− ψ(φvi,1 + φvi,2)]− ln
Γ(α1 + α2)

Γ(α1)Γ(α2)

− (α1 − 1)[ψ(φvi,1)− ψ(φvi,1 + φvi,2)]− (α2 − 1)[ψ(φvi,2)− ψ(φvi,1 + φvi,2)]

−
N∑
n=1

{
q(zn > i)[ψ(φvi,2)− ψ(φvi,1 + φvi,2)] + q(zn = i)[ψ(φvi,1)− ψ(φvi,1 + φvi,2)]

}
.

(3)
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Taking derivatives with φvi,1, we obtain

∂G

φvi,1
= ψ(φvi,1 + φvi,2)− ψ(φvi,1) + ψ(φvi,1)− ψ(φvi,1 + φvi,2)

+
(
φvi,1 − α1 −

N∑
n=1

q(zn = i)
)(
ψ′(φvi,1)− ψ′(φvi,1 + φvi,2)

)
+
(
φvi,2 − α2 −

N∑
n=1

q(zn > i))(−ψ′(φvi,1 + φvi,2)
)
,

(4)

where ψ(x) is the digamma function, and ψ′(x) is the trigamma function. The
case for φvi,2 is similar

∂G

φvi,2
=
(
φvi,1 − α1 −

N∑
n=1

q(zn = i)
)(
− ψ′(φvi,1 + φvi,2)

)
+
(
φvi,2 − α2 −

N∑
n=1

q(zn > i)
)(
ψ′(φvi,2)− ψ′(φvi,1 + φvi,2)

)
.

(5)

Letting the derivative of φvi be zero yields

φvi,1 = α1 +

N∑
n=1

q(zn = i)

φvi,2 = α2 +

N∑
n=1

q(zn > i) = α2 +

N∑
n=1

∞∑
j=i+1

q(zn = j)

(6)

Considering the case for deriving qηi

ln q?ηi(ηi;φ
n
i ) = Eq 6=qηi

[
lnh(ηi) + λ1ηi + λ2(−a(ηi))+

+

N∑
n=1

q(zn = i)[ηixn − a(ηi)]
]

=
(
λ1 +

N∑
n=1

q(zn = i)xn

)
ηi −

(
λ2 +

N∑
n=1

q(zn = i)
)
a(ηi) + C

(7)

hence,

φni,1 = λ1 +

N∑
n=1

q(zn = i)xn

φni,2 = λ2 +

N∑
n=1

q(zn = i).

(8)

Finally, for z

ln q?(zn = i) = E[ln pz(zn = i|v) + ln px(xn|ηi)] + C , Sn,i. (9)

After normalizing, we obtain

q?(zn = i) =
exp {Sn,i}∑∞
i=1 exp {Sn,i}

. (10)
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